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This paper describes the propagation of an edge crack in a structured thermoelastic solid. A rapid change
of temperature, represented by a time-periodic series of high-gradient temperature pulses, is applied at
the boundary of the structured solid. A lattice approximation is employed in the model analysis discussed
here. In order to describe the crack advance through the lattice a failure criterion is imposed, whereby the
links break as soon as they attain a critical elastic elongation. The elongations of the links are produced
both by a variation in temperature and by elastic waves generated at the boundary due to thermal shocks,
as well as waves created by the propagating crack through the breakage of the elastic ligaments. The
analysis is compared to the quasi-static and dynamic models of thermal striping in thermally loaded sol-
ids containing edge cracks. The emphasis is on the effect of the structure on the crack trapping. The non-
linear simulations presented in this paper show that the average speed of crack propagation can be
estimated from the analysis of the dispersion properties of waves initiated by the crack. Temperature
and inertia contributions to crack propagation are also investigated. It is found that inertia ampliﬁes
the elongations of the links, and thus inﬂuences the crack advance through the structured solid.
 2013 Elsevier Ltd. All rights reserved.1. Introduction accompanied by exciting experimental work, as in Ravi-ChandarAn important cause of failure in many engineering systems is
the propagation of a crack-like defect in a structural component
due to transient loads applied on the boundary. In particular, such
loads may be associated to thermal shocks or thermal snaps (also
known as thermal creaks). Although many thermoelastic problems
can be addressed in the quasi-static framework, thermal shocks
and thermal creaks also generate vibrations whose accurate
description is of fundamental importance and requires the inertia
term in the governing equations. One range of important applica-
tions is thermal striping, studied for continuum solids both in qua-
si-static (Jones and Lewis, 1994, 1996) and dynamic (Zhelezina
et al., 2006) settings. The purpose of this paper is to examine the
effect of the structure of a thermoelastic solid on the crack
propagation.
Dynamic fracture is a classical topic, which has attracted atten-
tion of physicists, engineers and applied mathematicians. The clas-
sical references include the works of Burridge et al. (1979), Freund
(1990), Gao (1993), Broberg (1999), Slepyan (2002) and Anderson
(2005). Numerical simulations and analytical theory were alsoand Knauss (1984), Rosakis et al. (1998) and Needleman and Ros-
akis (1999). Some aspects of crack propagation, observed experi-
mentally, cannot be described by continuous models, but can
instead be predicted if the material is assumed to be characterised
by a discrete microstructure (Marder and Gross, 1995; Fineberg
and Marder, 1999). Effects of an internal structure, modelled as a
lattice, were highlighted by Slepyan (1981, 2002), Kulakhmetova
et al. (1984), Marder and Liu (1993), Heino and Kaski (1996), Kess-
ler (1999) and Gerde and Marder (2001). In particular, Slepyan has
shown that continuum approaches are severely restricted in their
capability to describe advance of a dynamic crack through a mul-
ti-scale structured solid. In his monograph, Slepyan (2002) has also
developed elegant analytical tools for the analysis of the energy
dissipation of a propagating crack in a lattice system. In this model
dynamic inertia terms and waves generated by the cracks are de-
scribed by the kernel of the equations of the Wiener–Hopf type.
Analysis of the dispersion relations, obtained from the equations
for the roots and poles of the kernel function, is used for the com-
putation of the energy release rate ratio of the propagating crack.
Numerical computations describing dynamic fracture in structured
media can be found in Furukawa (1993), Schlangen and Garboczi
(1997) and Kosteski et al. (2012).
It is worth noting that, even for low frequency waves, the dis-
persion within a structured medium may be important. For exam-
ple, for a string made of equally spaced masses m connected by
elastic springs of stiffness l (see Kittel, 1953, Chap. 4) one can
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harmonic displacements un ¼ AeiðxtkanÞ, where x is the radian fre-
quency, t the time, k the wavenumber, and a the lattice spacing.
The corresponding dispersion relation is x ¼ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃl=mp sinðka=2Þ.
Therefore, even if the frequencyx is small, when the massm is suf-
ﬁciently large or the stiffness l sufﬁciently small, dispersion effects
cannot be neglected. It has also been demonstrated by Slepyan
that, in lattice systems containing cracks, short length waves can
be generated as the bonds break in a neighbourhood of the crack
tip.
Temperature oscillations occurring at the surface of a structural
component may be generated by the incomplete mixing of cold
and hot ﬂuids ﬂowing near that component. This phenomenon is
known in the literature as ‘‘thermal striping’’, and it generally leads
to structural failure by fatigue (Wakamatsu et al., 1994; Jones,
2005, 2006; Hu and Kazimi, 2006). Thermal striping is likely to take
place where heat can easily transfer from the ﬂuid to the solid
component. For instance, it usually occurs in fast breeder reactors
cooled by liquid sodium, where large thermal gradients exist be-
tween the sodium ﬂows emerging from both the core and the bree-
der. It also occurs in pressurised water reactors, where ﬂuids at
different temperature come into contact. Experimental tests perti-
nent to different situations where thermal striping is of importance
have been performed to evaluate both heat transfer and fatigue
damage (Lejeail and Kasahara, 2005; Kimura et al., 2007).
Thermal striping in a continuum with an edge crack has been
studied by employing several analytical approaches, such as the
frequency response method (Jones and Lewis, 1994; Kasahara
et al., 2002), the impulse response method (Jones and Lewis,
1996), Green’s function (Lee et al., 1999) and asymptotic analysis
(Movchan and Jones, 2006). In these approaches, the thermal fati-
gue damage is assessed through the calculation of the ﬂuctuation
of the Stress Intensity Factor (SIF) at the crack tip. This depends
both on the crack length and on the frequency of the applied tem-
perature ﬂuctuations (see Movchan and Jones, 2006). The SIF is
usually evaluated using the weight function method (Bueckner,
1973; Jones, 1999). Nieves et al. (2011, 2012) have shown that
the SIF can vary additional small perforations or microcracks are
present in the vicinity of the crack tip.
In situations where boundary temperature changes very rapidly
in time, dynamic effects cannot be neglected, as ﬁrstly recognised
by Danilovskaya (1950). This phenomenon, known as ‘‘thermal
shock’’, may result in failure by fracture, when the SIF exceeds a
critical value. Using a ﬁnite Hankel transform, Wang (1994) found
the distributions in space and time of the thermoelastic stress in a
hollow cylinder exposed to rapid heating. Gibiansky et al. (2005)
determined the asymptotic expression of the thermal stresses pro-
duced in a solid by a rapid increase of the temperature imposed on
the boundary. Zhelezina et al. (2006) obtained the temperature and
the thermal stress distributions over a continuum subjected to a
series of pulses at the boundary and, successively, provided an
asymptotic estimation of the SIF as a function of the crack depth
and time. Ezzat and Youssef (2010) calculated the temperature
and stress distributions for a half-space under thermal shock by
means of Laplace and Fourier transforms.
Thermal shock is a common phenomenon in many engineering
applications. Wang and Singh (1994) reviewed the techniques to
model monolithic ceramics and ceramic composites exposed to se-
vere temperature variations. Mackin et al. (2002) analysed disc
brakes that have to withstand high thermal stresses due to hard
breaking. Wang et al. (2007) examined conventional and nano-
structured coatings, manufactured by plasma spraying, under ther-
mal shocks.
Crack propagation, induced both by mechanical and thermal
loads, in structured media described by lattices has been exten-
sively studied in recent years. Slepyan (2001a,b,c) studied thepropagation of a semi-inﬁnite crack in inﬁnite uniform (both
square and triangular) lattices and developed an analytical model
from which the speed of crack propagation in the steady-state re-
gime can be predicted. An analogous model for heterogeneous lat-
tices was presented by Nieves et al. (2013). Colquitt et al. (2012)
compared the effects of a boundary sinusoidal thermal loading in
a continuum to those in the equivalent lattice, discovering that
the temperature ﬁelds in the two different media are very similar,
however the SIF in a continuum is larger than the corresponding
quantity in a lattice. Colquitt et al. (2012) also studied numerically
the dynamic propagation of a crack in a heterogeneous triangular
lattice under mechanical loads. They found that the average speed
of crack propagation can be related to the dispersion curves ob-
tained from the analytical model of Nieves et al. (2013).
The aim of the present paper is to study the dynamic propaga-
tion of an edge crack in a semi-inﬁnite triangular lattice subjected
to thermal loading. As in Zhelezina et al. (2006), temperature
pulses with high gradient are imposed on the boundary of the
medium. Here the medium is represented by a lattice (and not
by a continuum, as in Zhelezina et al., 2006). Colquitt et al.
(2012) applied sinusoidal temperature oscillations on the lattice
boundary and investigated only the steady-state conditions of
the thermoelastic problem. Here the transient regime is considered
and crack propagation in the medium is examined. From this
study, two important results are obtained. The ﬁrst one is that it
is possible to estimate the speed of crack propagation in the case
of thermal loads (in addition to mechanical loads, as in Colquitt
et al., 2012). The second one is that a large enough elastic threshold
elongation may lead to crack arrest in the lattice.
The layout of the paper is the following. In Section 2, the prob-
lem is formulated in detail. In Section 3, the speeds of crack prop-
agation for different situations are obtained through a numerical
procedure and they are then compared with the theoretical values
derived from the analytical model developed by Slepyan (2001c).
In Section 4, the effects of temperature and inertia on crack prop-
agation are analysed separately. In Section 5, some concluding re-
marks are presented. Finally, in Appendix A the solutions of the
thermal problems in a continuum and in a lattice are provided
and compared.2. Description of the problem
In this paper, mode I crack propagation in a two-dimensional
semi-inﬁnite elastic lattice under thermal loading is investigated.
The thermal loading is produced by a change of temperature ap-
plied on the boundary.
The lattice consists of a triangular array of point masses m con-
nected to each other through massless links of length l, cross-sec-
tional area A, stiffness l ¼ EA=l (where E denotes Young’s
modulus), coefﬁcient of thermal expansion a and thermal diffusiv-
ity j. The lattice is of inﬁnite extent in x2-direction and semi-
inﬁnite in x1-direction, as shown in Fig. 1a. It also contains an edge
crack of initial length L0.
2.1. Governing equations
The semi-inﬁnite lattice can be described as an array of point
masses, linked by massless elastic thermally-conducting links
and located at discrete positions xðpÞ ¼ lAp, where
p ¼ ðp1; p2ÞT 2 Z2 is the multi-index and
A ¼ 1 1=2
0
ﬃﬃﬃ
3
p
=2
 
: ð1Þ
The motion of every mass in the interior of the lattice is governed by
the following equations:
(a) (b)
Fig. 1. (a) Semi-inﬁnite triangular lattice with a ﬁnite edge crack of length L0. (b) Schematic drawing of the ﬁnite lattice modelled in the numerical simulations, which
approximates the semi-inﬁnite lattice in (a). Adiabatic boundary conditions and perfectly matched layers (PMLs) are introduced in the model. C is the domain of width B and
height H, while cl; cr ; ct ; cb and cc are the left, right, top, bottom and crack boundaries, respectively.
Fig. 2. Time variation of the temperature imposed on the boundary x1 ¼ 0 of the
lattice (with h ¼ 4s).
G. Carta et al. / International Journal of Solids and Structures 50 (2013) 2725–2736 2727m
@2uðp;tÞ
@t2
¼l
XNðpÞ
n¼1
an  uðpþqn;tÞuðp;tÞ½ anf gþFTðp;tÞ for t> 0; ð2aÞ
uðp;tÞ¼ 0 for t¼0; ð2bÞ
@uðp;tÞ
@t
¼0 for t¼ 0: ð2cÞ
In the equations above, uðp; tÞ denotes the elastic displacement at
time t of the particle identiﬁed by the multi-index p;qn stands for
the generic node connected with a link of length l to node p (hence
jxðqnÞ  xðpÞj ¼ l), NðpÞ is the total number of nodes connected to
node p, and an is the unit vector that deﬁnes the direction of the link
from p to qn. In addition, the body force FTðp; tÞ represents the ther-
mal load, which will be derived from the uncoupled thermal prob-
lem discussed below. The boundary of the lattice and the sides of
the crack are assumed to be traction-free.
For a dense enough lattice, the thermal problem can be conve-
niently approximated by a ﬁnite difference scheme, in which the
temperature T is evaluated at the nodes and is assumed to vary lin-
early along the links. On the boundary, the temperature is equal to
the externally imposed temperature, which will be denoted by Text .
Without loss of generality, it is assumed that the ambient temper-
ature Tref ¼ 0 and that it coincides with the stress-free temperature
of the material. Therefore, the thermal problem in the lattice is de-
ﬁned as:
@Tðp; tÞ
@t
¼ j
l2
XNðpÞ
n¼1
Tðqn; tÞ  NðpÞTðp; tÞ
" #
for x1ðpÞ > 0; t > 0; ð3aÞ
Tðp; tÞ ¼ TextðtÞ for x1ðpÞ ¼ 0; t > 0; ð3bÞ
Tðp; tÞ ¼ 0 for x1ðpÞP 0; t ¼ 0: ð3cÞ
The thermal load appearing in Eq. (2a) can be expressed
through ﬁnite differences as
FTðp; tÞ ¼ lla
XNðpÞ
n¼1
Tðqn; tÞ  Tðp; tÞ½ anf g: ð4Þ2.2. Boundary temperature
The temperature imposed on the boundary of the lattice (lo-
cated at x1 ¼ 0) is assumed to be uniform in the x2 direction, and
it is represented by a time-periodic series of rectangular pulses,
as shown in Fig. 2. Thus, it can be expressed by the following
formula:TextðtÞ ¼
X1
n¼0
T0 Hðt  nhÞ Hðt  nh sÞ½ ; ð5Þ
where t denotes time, s is the duration of each pulse, h is the time
interval between two consecutive pulses, HðÞ represents the Heav-
iside step function and T0 is the maximum value of the applied tem-
perature. In the rest of the paper, it will be assumed that h ¼ 4s.
Heat ﬂows through the lattice by means of the thermally con-
ducting links. The variation of temperature produces strains (and
stresses) in the links. The latter are ampliﬁed by the elastic waves
generated at the boundary due to the rapid variations of tempera-
ture, as in a continuum (Gibiansky et al., 2005; Zhelezina et al.,
2006).
In conclusion of this Section it is pointed out that the transient
solution for the thermal problem has been found analytically and
its ﬁnite difference approximation is applied as an external load
to the mechanical problem in Eq. (2a). The thermal load is periodic
in time and it is necessary to couple the thermal and mechanical
problems to describe the effect of the propagating waves, in partic-
ular in the neighbourhood of the crack tip, in regions where the
distribution of stress induced by the temperature distribution in
the domain of the structure varies in space and time.
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The thermoelastic problem is solved numerically in Comsol
Multiphysics (version 4.2) by approximating the semi-inﬁnite lat-
tice with a ﬁnite lattice of width B and height H, shown schemat-
ically in Fig. 1b. In order to avoid reﬂections at the boundaries
(which obviously cannot occur in a semi-inﬁnite lattice), perfectly
matched layers (PMLs) are implemented in the model by the intro-
duction of viscous dampers. The latter are designed such that
waves are absorbed before impinging on the boundaries. More-
over, rigid-body motion is removed from the calculations.
The temperature variation in the links is introduced into Comsol
Multiphysics by means of the following analytic function of x1
and t:
Tðx1; tÞ ¼
X1
n¼0
T0 erfc
x1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jðt  nhÞp
" #
Hðt  nhÞ
(
erfc x1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jðt  nh sÞp
" #
Hðt  nh sÞ
)
; ð6Þ
where erfcðÞ is the complementary error function. Eq. (6) repre-
sents the solution of the heat conduction problem in a semi-inﬁnite
continuum of thermal diffusivity j, with a perfectly thermally-con-
ducting edge crack, exposed to the boundary temperature (5). The
derivation of Eq. (6) is discussed in detail in Section A.1 of Appendix
A. In Appendix A it is also demonstrated that the temperature dis-
tribution in the lattice, given by the ﬁnite difference scheme (3),
can be efﬁciently approximated by the temperature distribution
(6) in the continuum, provided that the thermal properties of the
continuum correspond to the homogenised thermal properties of
the lattice. In particular, the thermal diffusivity of the continuum
j has to be taken equal to the homogenised thermal diffusivity
of the lattice links, i.e. j ¼ j
ﬃﬃﬃ
3
p
(see Colquitt et al., 2012). A contin-
uum which is characterised by the homogenised properties of the
lattice will be henceforth referred to as ‘‘equivalent’’.
The propagation of the crack is simulated in Comsol Multiphys-
ics by introducing a failure criterion. More speciﬁcally, it is as-
sumed that a link will break if it attains a threshold elongation,
either in tension (stretching) or in compression (shrinking) (this
symmetric type of failure is typical of many metals, in which the
tensile strength is identical to the compressive strength). Thermal
effects are introduced as an uncoupled external load in Eq. (2a) for
the mechanical problem and the strain associated to the displace-
ment u is purely elastic. Buckling is not taken into account. When a
link reaches the elastic threshold elongation, the calculation is
interrupted and the link is removed from the computations. The
calculation is then started again by using the displacement ﬁeld
in the lattice at the breakage time as the initial condition for the
subsequent analysis. This is how crack propagation is implemented
numerically. Due to the introduction of a failure criterion, the ther-
moelastic problem in the lattice becomes nonlinear.
Convergence studies were carried out, which indicated that a
time step of 0:02s is sufﬁciently small to get accurate results.
2.4. Normalisation
The natural units of the system, for both the elastic and thermal
problems, are introduced. Firstly, two length scales are deﬁned: the
‘‘elastic length’’, which is represented by the length of the lattice
links l, and the ‘‘thermal length’’, which is given by lt ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
js
p
.
The former is a characteristic property of the lattice, while the lat-
ter is a measure of the size of the lattice region – close to the
boundary – where thermal diffusion is relevant. Secondly, the
speed c ¼ l ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃl=mp is introduced. Finally, time and temperature
are normalised, respectively, by the duration of each pulse s andby the amplitude of the boundary temperature T0. Accordingly,
all the quantities used in this paper are normalised as follows:
x;u;B;H; L0; L; L
;Dl;Dlt; 1n
 
¼ l x^; u^; bB; bH; bL0; bL; bL; D^l; D^lt ; 1n^ ;
t; h; 1x
  ¼ s t^; h^; 1
^x
 
; v ¼ cv^ ; x ¼ cl x^;
T; Tc; Tref ; 1a
  ¼ T0 bT ; T^c; bT ref ; 1a^ : ð7Þ
The normalised quantities are henceforth indicated with the ‘‘hat’’
symbol.
By using the normalisation (7) and Eq. (4), the elastic problem
stated in Eqs. (2) becomes:
@2u^ðp; t^Þ
@t^2
¼ c
2s2
l2
XNðpÞ
n¼1
an  u^ðpþ qn; t^Þ  u^ðp; t^Þ
	 

an
 
þ c
2s2
l2
a^T0
XNðpÞ
n¼1
bT ðqn; t^Þ  bT ðp; t^Þh iann o for t^ > 0; ð8aÞ
u^ðp; t^Þ ¼ 0 for t^ ¼ 0; ð8bÞ
@u^ðp; t^Þ
@t^
¼ 0 for t^ ¼ 0: ð8cÞ
The thermal problem (3) is changed into the following set of
equations:
@bT ðp; t^Þ
@ t^
¼ K
2ﬃﬃﬃ
3
p
XNðpÞ
n¼1
bT ðqn; t^ÞNðpÞbT ðp; t^Þ
" #
for x^1ðpÞ>0; t^>0; ð9aÞ
bT ðp; t^Þ¼ bT ext ð^tÞ for x^1ðpÞ¼0; t^>0; ð9bÞbT ðp; t^Þ¼0 for x^1ðpÞP0; t^¼0: ð9cÞ
Here K is the ratio between the thermal length and the elastic
length, i.e. K ¼ lt=l.
Finally, Eqs. (5) and (6) become
bT ext ð^tÞ ¼X1
n¼0
Hð^t  4nÞ Hð^t  4n 1Þ	 
 ð10Þ
and
bT ðx^1; t^Þ ¼X1
n¼0
erfc
x^1
2K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t^  4n
p" #Hð^t  4nÞ(
erfc x^1
2K
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t^  4n 1
p" #Hðt^  4n 1Þ); ð11Þ
respectively.
3. Speed of crack propagation in the lattice
In this section, it is investigated how the initial crack of length
L0, shown in Fig. 1a and b, propagates in the lattice due to the tem-
perature pulses applied on the boundary. In particular, the speed of
crack propagation is evaluated numerically, and it is then com-
pared with the theoretical value derived from the dispersion dia-
gram of the lattice given by Slepyan (2001c).
3.1. Lattice and temperature properties
As in Slepyan (2001c), the elastic properties of the lattice are as-
signed unit values, i.e. l ¼ 1 and c ¼ 1. The width and height of the
lattice are taken as bB ¼ 80 and bH ¼ 21 ﬃﬃﬃ3p =2, respectively.
The product a^T0 is ﬁxed, given by a^T0 ¼ 0:01, as a^ is typically
a small quantity. Since a^ > 0, then this implies that T0 < 0. A neg-
ative temperature avoids a situation of potential crack closure.
The duration of each pulse is assumed to be s ¼ 1. Since the per-
iod of the temperature pulses is h ¼ 4s, the fundamental radian
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length is assumed to be lt ¼ 1, which implies that K ¼ 1.
Next, the initial length of the crack bL0 needs to be chosen. If bL0 is
of the same order of magnitude as the thermal length lt , the
thermal diffusivity effects cannot be ignored. For a continuum,
Zhelezina et al. (2006) showed that the stress waves generated
by a series of temperature pulses applied on the boundary consist
of two terms, the ﬁrst one representing a plane wave (which
propagates in the medium) and the second one corresponding to
thermal diffusion (see Eqs. (26) and (27) in that paper). The second
contribution is of importance near the boundary, in a region
denoted as the ‘‘boundary layer’’. These two contributions can be
identiﬁed also in a lattice, as will be shown in Section 4. In the
present section, attention is focused on the speed of crack propaga-
tion, which will be related to the speed of the waves. Therefore, the
position of the crack tip is assumed to be located far enough from
the boundary to disregard the contribution of thermal diffusion. In
particular, bL0 is taken as bL0 ¼ 20.
3.2. Analytical model for the assessment of the crack propagation
speed
The average speed of crack propagation in the homogeneous
lattice of Fig. 1a can be estimated by means of a linear model
developed by Slepyan (2001c). This involves the reduction of the
elastic problem of an inﬁnite triangular lattice with a semi-inﬁnite
crack to a Wiener–Hopf equation (Eq. (11) in Slepyan, 2001c). The
dispersion relations, obtained from the poles and the zeros of the
kernel of this equation, can be used to evaluate the speed of crack
propagation produced by a generic harmonic load of a certain fre-
quency. It is important to stress that Slepyan’s approach assumes
that the crack propagates with constant speed in a straight line,
i.e. with no crack branching.
There are three dispersion relations found by Slepyan (2001c)
for mode I crack propagation:
 Rayleigh wave : x^ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
ﬃﬃﬃ
3
pq
sinðn^=2Þ
 ; ð12aÞ
 longitudinal wave : x^ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 cosðn^=2Þ  2 cosðn^Þ
q
; ð12bÞ
 optical branch : x^ ¼
ﬃﬃﬃ
6
p
cosðn^=4Þ
 : ð12cÞ0 1 2 3 4
0
0.5
1.0
1.5
2.0
2.5
Fig. 3. Dispersion curves for the inﬁnite homogeneous triangular lattice with a semi-inﬁn
(indicated by the horizontal black line), waves can propagate with phase velocities giveHere x^ and n^ represent the fundamental radian frequency and the
wavenumber, respectively. The corresponding dispersion curves are
reproduced in Fig. 3.
The horizontal line of Fig. 3 represents the fundamental radian
frequency of the applied temperature ( ^x ¼ p=2). It intersects the
dispersion curves at a number of points, indicated by heavy dots,
at which the group velocity is positive. The reason for considering
only the intersections corresponding to positive group velocity
comes from the fact that the energy source is located behind the
crack tip. The phase velocities v^ , identiﬁed by these intersections,
are the velocities of the only waves that can travel in the lattice.
They are represented by the slopes of the rays x^ ¼ v^ n^, which are
illustrated by dashed grey lines in Fig. 3 (these rays are inﬁnite
in number, but only the ﬁrst six have been shown for clarity’s
sake). These phase velocities can be used to estimate the speed
of crack propagation in the lattice, as discussed below.
3.3. Numerical results
The length of the crack bL during time t^ is calculated by following
the numerical procedure described in Section 2.3. In accordance
with Slepyan’s analytical model, the crack propagates along a
straight line. The position of the crack tip, which identiﬁes the
length of the crack, is deﬁned as the location along the x^1 axis be-
hind which all the links are broken; thus, a rupture of any link that
is not adjacent to the crack tip does not alter the crack length. The
results for different threshold elongations D^lt are represented by
solid black lines in Fig. 4a and b.
The velocity of each of the ﬁve crack tip trajectories illustrated
in Fig. 4a and b is not constant, because the considered problem is
nonlinear. Furthermore, the simulation of the crack propagation is
performed in the transient regime, while the analytical model of
Slepyan is based on the hypothesis of steady-state conditions. Sim-
ilar step-like crack propagation paths have been reported in the pa-
per by Colquitt et al. (2012) for the case of mechanical loading.
Each trajectory plotted in Fig. 4a and b starts with a straight line
of low or null slope. This is due to the fact that the ﬁrst link breaks
after some time has passed, both because the elastic waves gener-
ated at the boundary need to reach the initial position of the crack
tip and, above all, because energy should be accumulated in order
to break the links. Note that the instant of time at which the ﬁrst5 6 7 8
ite crack, constructed according to Eq. (12). At the fundamental radian frequency ^x
n by the slopes of the grey rays.
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Fig. 4. Crack lengths versus time for different threshold elongations D^lt (solid black
lines) and comparison with Slepyan’s analytical model by means of the raysbL ¼ v^ t^ þ bL0 (dashed grey lines), where v^ is the generic phase velocity determined
from Fig. 3.
2730 G. Carta et al. / International Journal of Solids and Structures 50 (2013) 2725–2736link breaks increases as a larger value of the threshold elongation is
imposed.
It is important to observe that the links do not fail in order. It
often happens that a link further from the crack tip breaks before
the link that is adjacent to the crack tip. For this reason, voids ap-
pear inside the lattice. When the link closest to the crack tip attains
the threshold elongation at a later time, the voids coalesce result-
ing in further crack growth. This phenomenon explains the jumps
in the crack propagation paths. Note also that the number of jumps
increases with the value of the threshold elongation. The formation
and coalescence of voids have been observed in many experimen-
tal works (e.g. Broek, 1982; Benzerga and Leblond, 2010). This
experimental feature is often neglected in continuum models but
is a distinctive feature of the lattice model presented here.
The crack tip trajectories shown in Fig. 4a and b are character-
ised both by jumps (due to the nucleation and successive merging
of voids) and by segments between jumps, corresponding to uni-
form progression of the crack tip. The slopes of these segments
can be approximated well by the slopes of the dashed grey raysbL ¼ v^ t^ þ bL0 plotted in Fig. 4a and b (these are identical to those re-
ported in Fig. 3). This implies that the speed of uniform crack prop-
agation can be predicted by one of the phase velocities derived
from the analytical model described in Section 3.2. Moreover,
excluding the initial time needed to accumulate the energy neces-
sary to break links, the analytical phase velocities can be used toestimate the average speeds of the crack tip. In fact, from Fig. 4a
and b it can be seen that the average speed of each path is similar
to the slope of the ray labelled with the same letter.
It is apparent that the smaller the threshold elongation, the lar-
ger the average speed is, as expected. However, the highest speed
in the lattice, given by the inclination angle of ray a, cannot be ex-
ceeded. This consideration is very important, because it implies
that the microstructure can be designed such that it can limit the
speed of crack propagation.4. Temperature and inertia contributions to crack propagation
In this section, the contributions of temperature and inertia to
crack growth are analysed in detail. The conditions for the arrest
of crack propagation are also investigated. The maximum length
that may be attained by the crack will be denoted as ‘‘critical crack
length’’.
In order to determine the temperature and inertia effects, two
different problems are considered. In the ﬁrst, inertia is taken into
account in the equation of motion (8a) of each particle of the lat-
tice. This case, which corresponds to the real lattice, will be re-
ferred to as the ‘‘inertial case’’. In the second problem, inertia is
excluded from the formulation by assuming that the left-hand side
term of Eq. (8a) vanishes. This case will be thus named ‘‘non-iner-
tial case’’. It is worth observing that the assumption of negligible
inertia can be plausibly adopted to describe many physical prob-
lems. For instance, when the temperature on the boundary varies
smoothly, dynamic effects (such as the generation of elastic waves)
can be ignored and, consequently, inertia can be disregarded (see,
for instance, Jones, 2005, 2006).
In this section, the initial length of the crack is taken as bL0 ¼ 4,
smaller than the value chosen in Section 3. This choice has been
made in order to give a better description of the temperature ef-
fects on crack propagation, which are relevant near the boundary.
For the same reason, an applied temperature with a lower funda-
mental frequency is considered. In fact, it will be shown that the
size of the region where temperature effects are important in-
creases as the fundamental frequency of the applied temperature
decreases.4.1. Temperature effects
The temperature effects are separated from the inertial effects
by assuming that the mass at each node is zero (non-inertial case).
Accordingly, the elongations of the links depend exclusively on the
spatial temperature distribution across the lattice. This tempera-
ture distribution can be approximated by the steady-state solution
of the thermal problem in the equivalent continuum, given by Eq.
(A.5) in the Appendix. Eq. (A.5) shows that the temperature de-
pends only on the coordinate x1. The maximum and minimum val-
ues of the temperature in the steady-state regime are plotted in
normalised axes in Fig. 5, where the inset ﬁgures show how the
temperature changes with time at ﬁxed values of x^1.
From Fig. 5 it is apparent that there exists a region, extending
from the boundary into the lattice, where temperature oscillations
are signiﬁcant. This region will be deﬁned as the ‘‘region of inﬂu-
ence’’. Beyond this region, the temperature is constant
(bT x^1; t^  ¼ bT c) and equal to the average value of the boundary tem-
perature in the period h^. It is very important to observe that the
length of the region of inﬂuence increases with the thermal diffu-
sivity of the medium and decreases with the frequency of the
boundary temperature.
If the threshold elongation is attained at a temperature with an
absolute value higher than the absolute value of the constant tem-
perature bT c (consider that the boundary temperature is assumed to
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Fig. 5. Normalised temperature ﬁeld bT x^1=Kð Þ in the steady-state regime, obtained through Eq. (A.5). In the insets, the time distribution of the temperature is shown at
different positions x^1=K.
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Fig. 6. Dependence of the critical crack length bL on the threshold elongation D^lt of
the links and on the fundamental radian frequency ^x of the boundary temperature,
in the non-inertial case.
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gating, reaching its critical length. The critical crack length bL is
evaluated for different values of the threshold elongation D^lt and
of the temperature fundamental radian frequency ^x using Comsol
Multiphysics to simulate the crack propagation process. The
numerical results are shown with dots in Fig. 6. They are given
for three temperature frequencies and for ﬁve threshold elonga-
tions.1 It can be seen that, for a ﬁxed value of the threshold elonga-
tion, the critical crack length decreases with the temperature
frequency (a similar trend was observed by Jones (1999) between1 Note that the lines connecting the dots are plotted only to join the results for a
given frequency. In this way, the trend of the critical crack length at a speciﬁc
frequency can be seen more clearly.the maximum ﬂuctuation of the SIF and the temperature frequency
in a continuum exposed to thermal striping); on the other hand, for a
given temperature frequency, the larger the threshold elongation,
the smaller the critical crack length is, as expected on physical
ground.
Finally, it should be pointed out that the critical crack length in
the non-inertial case is independent of the initial length of the
crack (provided that this is less than the critical one), since it de-
pends only on the spatial temperature distribution across the
lattice.4.2. Inertial effects
The effects of inertia are evaluated by comparing the time-his-
tories of two different links in the inertial case with those obtained
in the non-inertial case. This comparison is shown in Fig. 7, where
the black curves are calculated without considering inertia, while
the grey curves are determined by taking inertia into account.
The top ﬁgures correspond to an intact lattice, while the bottom
ﬁgures refer to a lattice with a non-propagating crack of lengthbL0 ¼ 4. The fundamental radian frequency of the applied tempera-
ture is ^x ¼ p=32.
Fig. 7 shows that inertia ampliﬁes the elongations of the links.
In addition, the ﬁgure reveals that the presence of the crack ampli-
ﬁes the elongations of the links, especially near the crack tip (in
fact, this ampliﬁcation tends to disappear in the links far from
the crack tip, as can be seen by comparing Fig. 7b with Fig. 7d).
From Fig. 7 it can be seen that the elongations of the links ob-
tained in the non-inertial case decrease with the distance from
the boundary. This is a consequence of the fact that the amplitude
of the temperature oscillations in the region of inﬂuence decays
along the x^1 axis (see Fig. 5).
For the inertial case, the elastic waves generated at the bound-
ary due to the rapid changes in temperature travel through the lat-
tice. The frequency content of the elastic waves shown in Fig. 7 is
identical to the frequency content of the temperature pulses
applied on the boundary, which consists of the fundamental
-2
0
2
4
6
8
10
0 5 10 15 20
-2
0
2
4
6
8
10
0 5 10 15 20
0
-2
0
2
4
6
8
10
5 10 15 20
-2
0
2
4
6
8
10
0 5 10 15 20
(a) (b)
(c) (d)
Fig. 7. Time-histories of the elongations of two links in an intact lattice ((a) and (b)) and in a lattice with a non-propagating crack of length bL0 ¼ 4 ((c) and (d)). Figures (a) and
(c) correspond to the inclined link located at 4 6 x^1 6 4:5, which is adjacent to the crack tip in the cracked lattice, while ﬁgures (b) and (d) refer to a further inclined link,
situated at 12 6 x^1 6 12:5.
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tiples. The wave components having a frequency within the pass-
band (identiﬁed by the dispersion curves plotted in Fig. 3) propa-
gate without attenuation. On the contrary, the wave components
characterised by a frequency belonging to the stop-band decay
exponentially. The Fast Fourier Transforms of the elastic waves
represented in Fig. 7a–d reveal that the frequencies of the har-
monic components of these waves lie in the pass-band. Therefore,
the wave components propagate without attenuation, but with dif-
ferent velocities, due to the dispersive properties of the lattice. This
implies that the maximum elongation can vary in the x^1 direction.
The variation of the amplitude of the elastic waves with x^1, in-
duced by the attenuation of the non-propagating waves and the
dispersion of the propagating ones, is a characteristic property of
the lattice, that cannot be observed in a continuum. In fact, in a
continuum the elastic waves propagate with the same amplitude,
because this medium is non-dispersive (see, for example, Zhelezina
et al., 2006).
Elastic waves are generated not only at the boundary, but also
at points where links break. Fig. 8 shows how, in the inertial case,
the elongations of two different links are increased as a conse-
quence of the breakage of the link closest to the crack tip (here
denoted as ‘‘ﬁrst link’’). Therefore, the elongations of the links are
increased not only by the elastic waves produced by the tempera-
ture pulses at the boundary, but also by the waves created by the
ruptures of the links. Actually, the waves generated by the break-ages of the links do not always amplify the elongations of other
links, in fact they may reduce these elongations (this depends on
the position of the link and on the instant of time considered).
4.3. Critical crack length
The aim of this section is to compare the crack propagation
paths determined in the inertial and non-inertial cases. This is
accomplished using the numerical model of Section 2.3. For the fol-
lowing calculations, it is assumed that the fundamental radian fre-
quency of the applied temperature is ^x ¼ p=32 and that the
threshold elongation is D^lt ¼ 0:005.
The crack tip trajectories for both non-inertial and inertial cases
are plotted in Fig. 9. The crosses in the two diagrams indicate the
positions of the crack tip when the crack stops propagating. In both
situations, the crack length tends to a ﬁnite value, which depends
on the threshold elongation and on the frequency and amplitude of
the temperature pulses applied on the boundary.
In the non-inertial case, the crack propagation is arrested be-
cause the maximum temperature, and hence the maximum elon-
gation induced by thermal expansion, decreases with x^1 (see
Fig. 5). Accordingly, crack growth stops when the maximum elon-
gation of any link is lower than the threshold elongation, which is
reached at a temperature higher than bTc .
In the inertial case, the crack stops propagating because the
chosen value of the threshold elongation is larger than the
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Fig. 8. Time-histories of the elongations of two links, obtained in the inertial case, relative to a lattice with an initial crack of length bL0 ¼ 4, for the cases when rupture of any
link is disregarded (black lines) and when the ﬁrst link breaks (grey lines). Figure (a) refers to a link close to the crack tip (6 6 x^1 6 6:5), while ﬁgure (b) corresponds to a link
further away from the crack tip (12 6 x^1 6 12:5).
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Fig. 9. Crack tip trajectories in the non-inertial case (black line) and in the inertial
case (grey line). For both diagrams, ^x ¼ p=32 and D^lt ¼ 0:005.
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lue necessary to initiate crack propagation (see Fig. 7). In addition,
the ampliﬁcation of the elongations near the crack tip caused by
the presence of the crack decreases as the crack tip advances more
deeply in the lattice.
There are three main differences between the two crack tip tra-
jectories shown in Fig. 9. First, the critical crack length for the iner-
tial case is larger than for the non-inertial case because of the
dynamic ampliﬁcation of the elongations caused by inertial effects,
as shown in Section 4.2. Second, it is found by detailed examina-
tion of the numerical calculations that in the inertial case the links
break both in tension and in compression, while in the non-inertial
case they break only in tension (this is because in compression the
threshold elongation is never attained in the non-inertial case).
Third, in the inertial case voids can be generated and later they
can merge with the crack, while in the non-inertial case the link
closest to the crack tip always breaks before the others.
In conclusion, an example has been provided, in which the crack
propagation in the lattice – induced by periodic thermal excita-
tions – is arrested.
5. Concluding remarks
Crack propagation in a homogeneous elastic triangular lattice,
excited by periodic thermal pulses, has been investigated. Sincethe steep thermal gradients applied on the boundary of the lattice
generate elastic waves, inertial effects need to be included in the
formulation of the thermoelastic problem. A numerical model
has been developed to analyse how an existing crack in the lattice
advances.
It has been found that the crack tip does not move uniformly in
the lattice. This is a consequence of the nonlinearity of the prob-
lem. However, the average speed of crack propagation can be as-
sessed using an analytical model, which assumes that the crack
propagates in a straight line with constant speed. This analytical
model also provides an estimate of the maximum speed at which
crack can advance through the lattice. The numerical model has
also proved to be capable of predicting the formation and coales-
cence of voids inside the lattice.
Another interesting result is that crack propagation may be ar-
rested, both if inertia is included or neglected. In the non-inertial
case, the crack stops growing because the temperature effects are
signiﬁcant only in a certain region, adjacent to the boundary. In
the inertial case, the crack advances further in the lattice due to
the ampliﬁcation of the links’ elongations caused by inertia.
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Appendix A. Heat conduction problems in the lattice and in the
equivalent continuum
In this Appendix the heat conduction problems in a continuum
and in a triangular lattice, both under the boundary temperature
(5), are solved. Firstly, the full analytical solution (which includes
both the transient and steady-state regimes) for the continuum is
provided, which is then applied to the special case of steady-state
conditions. Secondly, the solution in the continuum is compared
with the corresponding solution in the homogenised lattice.
A.1. Solution of the heat conduction problem in the continuum
The heat conduction problem in a continuous half-space
X ¼ ðx1; x2Þ : x1 P 0f g of thermal diffusivity j can be stated as
follows:
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@2Tðx1; tÞ
@x21
¼ @Tðx1; tÞ
@t
for x1 > 0; t > 0; ðA:1aÞ
Tðx1; tÞ ¼ TextðtÞ þ Tref for x1 ¼ 0; t > 0; ðA:1bÞ
Tðx1; tÞ ! Tref for x1 !1; t > 0; ðA:1cÞ
Tðx1; tÞ ¼ Tref for x1 P 0; t ¼ 0: ðA:1dÞ
In the formulae above, Text represents the variation of temperature,
applied on the boundary, with respect to the ambient temperature
Tref . In this paper, it is assumed for simplicity that Tref ¼ 0. More-
over, with respect to the elastic problem in the lattice described
in Section 2.1, it is assumed that Tref is equal to the stress-free tem-
perature of the body.
The initial boundary value problem deﬁned by Eqs. (A.1) re-
mains valid also for a continuum with a crack, if the crack is as-
sumed to be perfectly thermally-conducting. It is worth noticing
that the temperature T is independent of the coordinate x2, as
the external temperature Text is assumed to be uniform along the
x2 axis.
For the particular boundary temperature speciﬁed by Eq. (5),
the temperature ﬁeld Tðx1; tÞ in the continuum is given by Eq.
(6). The normalised temperature ﬁeld Tðx1=
ﬃﬃﬃﬃﬃﬃﬃﬃ
js
p
; t=sÞ=T0 is plotted
in Fig. 10. Fig. 10 shows that the temperature decays fast in space
and, in addition, that the steady-state regime is reached after few
cycles.
A.2. Steady-state solution of the heat conduction problem in the
continuum
For a time-harmonic temperature of radian frequency ~x and
amplitude eT 0 applied on the boundary of a semi-inﬁnite contin-
uum X ¼ ðx1; x2Þ : x1 P 0f g of thermal diffusivity j, the heat con-
duction problem is:
j
d2eT ðx1Þ
dx21
¼ i ~x eT ðx1Þ for x1 > 0; ðA:2aÞ
eT ðx1Þ ¼ eT 0 for x1 ¼ 0; ðA:2bÞeT ðx1Þ ! 0 for x1 !1: ðA:2cÞ
The solution of this problem is given by (see, for example, Carslaw
and Jaeger, 1959)
eT ðx1Þ ¼ eT 0e ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ~x=2jp ð1þiÞx1 : ðA:3Þ
The steady-state solution of the thermal problem (A.1) can be ob-
tained by decomposing the boundary temperature in Fourier seriesFig. 10. Normalised temperature distribution in a semi-inﬁnite continuum under
the boundary temperature (5) (with h ¼ 4s).and by applying Fourier analysis with the help of Eqs. (A.2) and
(A.3). The Fourier series of the boundary temperature (5) is given by
TextðtÞ ¼
X1
n¼1
iT0
2np
einxs  1 einxt ; ðA:4Þ
wherex ¼ 2p=h is the fundamental radian frequency of the bound-
ary temperature. The solution in the steady-state regime is thus
found by linear superposition:
Tðx1; tÞ ¼
X1
n¼1
iT0
2np
einxs  1 e ﬃﬃﬃﬃﬃjnxj2jp ½1þsgnðnÞix1 einxt
¼ T0s
h
þ T0
p
X1
n¼1
e
ﬃﬃﬃﬃﬃ
nx
2j
p
x1
n
 sin nxðt  sÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
nx
2j
r
x1
 
þ sin nxt 
ﬃﬃﬃﬃﬃﬃﬃﬃ
nx
2j
r
x1
  
;
ðA:5Þ
where sgnðÞ is the sign function.
A.3. Solution of the heat conduction problem in the lattice
The heat conduction problem in the semi-inﬁnite lattice de-
picted in Fig. 1a is solved numerically. To this aim, the semi-inﬁnite
lattice is approximated by a ﬁnite lattice of width B and height H,
the horizontal and the right boundaries of which are assumed to be
adiabatic (see Fig. 1b).
For convenience, the nodes of the lattice are grouped into the
following sets:
 interior domain : C¼ p : x1ðpÞ> 0;ðn2þ1Þ
ﬃﬃﬃ
3
p
2
l< x2ðpÞ<n2
ﬃﬃﬃ
3
p
2
l
( )
; ðA:6aÞ
 left boundary : cl ¼ p : x1ðpÞ¼0;ðn2þ1Þ
ﬃﬃﬃ
3
p
2
l6 x2ðpÞ6n2
ﬃﬃﬃ
3
p
2
l
( )
; ðA:6bÞ
 right boundary : cr ¼ p : x1ðpÞ¼B;ðn2þ1Þ
ﬃﬃﬃ
3
p
2
l6 x2ðpÞ6n2
ﬃﬃﬃ
3
p
2
l
( )
; ðA:6cÞ
 top boundary : ct ¼ p :0< x1ðpÞ<B;x2ðpÞ¼n2
ﬃﬃﬃ
3
p
2
l
( )
; ðA:6dÞ
 bottom boundary : cb ¼ p :0< x1ðpÞ<B;x2ðpÞ¼ðn2þ1Þ
ﬃﬃﬃ
3
p
2
l
( )
; ðA:6eÞ
 near the crack : cc ¼ p :06 x1ðpÞ6 L0;x2ðpÞ¼0;
ﬃﬃﬃ
3
p
2
l
( )
: ðA:6fÞ
In the equations above, n2 represents the number of rows above and
below the crack.
The thermal problem in the lattice (in which the top, bottom
and right boundaries are considered to be adiabatic, the tempera-
ture (5) is applied on the left boundary and the crack is assumed to
be perfectly thermally-conducting) can be stated as follows:
@Tðp; tÞ
@t
¼ j
l2
XNðpÞ
n¼1
Tðqn; tÞ  NðpÞTðp; tÞ
" #
for p 2 C; t > 0; ðA:7aÞ
Tðp; tÞ ¼ TextðtÞ þ Tref for p 2 cl; t > 0; ðA:7bÞ
Tðp; tÞ ¼ 1
NðpÞ
XNðpÞ
n¼1
Tðqn; tÞ for p 2 cr [ ct [ cb; t > 0; ðA:7cÞ
Tðp; tÞ ¼ Tref for 8p; t ¼ 0: ðA:7dÞ
Also for the lattice, it is assumed that Tref ¼ 0.
The thermal problem deﬁned by Eqs. (A.7) is solved by making
use of the Finite Difference Method. Convergence studies indicate
that a suitable time step is 0:02s. It is found that the temperature
distribution does not vary signiﬁcantly in the x2 direction (more
precisely, the maximum difference between the values of temper-
ature at any two points with the same x1 and different x2 values is
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Fig. 11. Spatial temperature proﬁles of the lattice (dots) and of the equivalent continuum (solid grey lines) at two different times (with l=
ﬃﬃﬃﬃﬃﬃﬃﬃ
js
p ¼ 1; B ¼ 80l;
n2 ¼ 10; h ¼ 4s).
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as one-dimensional, as in Eqs. (A.1).
The spatial proﬁles of the temperature in the lattice at two
different times are shown with dots in Fig. 11. The dots repre-
sent the values obtained at the nodal points of the lattice. The
solid grey lines plotted in the same ﬁgure indicate instead the
temperature proﬁles of the equivalent continuum, obtained from
Eq. (6). In order to compare the solutions relative to the lattice
and the continuum, the properties of the continuum should
correspond to the homogenised properties of the lattice. For this
reason, the thermal diffusivity j of the lattice links has been
taken as j ¼ j=
ﬃﬃﬃ
3
p
, where j is the thermal diffusivity of the
continuum.
From Fig. 11 it is apparent that there is a very good correspon-
dence between the solutions of the heat conduction problems in
the lattice and in the equivalent continuum. This observation jus-
tiﬁes the use of Eq. (6) in the numerical simulation of the thermo-
elastic problem for the lattice (see Section 2.3).References
Anderson, T.L., 2005. Fracture Mechanics: Fundamentals and Applications, third ed.
CRC Press.
Benzerga, A.A., Leblond, J.B., 2010. Ductile fracture by void growth to coalescence.
Adv. Appl. Mech. 44, 169–305.
Broberg, K.B., 1999. Cracks and Fracture. Academic Press, London.
Broek, D., 1982. Elementary Engineering Fracture Mechanics. Martinus Nijhoff
Publishers, Boston.
Bueckner, H.F., 1973. Field singularities and related integral expressions in
mechanics of fracture. In: Sih, G.C. (Ed.), Methods of Analysis of Solutions of
Crack Problems, 1. Noordhoff International Publishing, Leyden.
Burridge, R., Conn, G., Freund, L.B., 1979. The Stability of rapid mode II shear crack
with ﬁnite cohesive traction. J. Geophys. Res. 84, 2210–2222.
Carslaw, H.S., Jaeger, J.C., 1959. Conduction of Heat in Solids. Oxford University
Press, Oxford.
Colquitt, D.J., Nieves, M.J., Jones, I.S., Movchan, N.V., Movchan, A.B., 2012. Trapping
of a crack advancing through an elastic lattice. Int. J. Eng. Sci. 61, 129–141.
Danilovskaya, V.I., 1950. Thermal stresses in an elastic half-space arising after a
sudden heating of its boundary. Prikl. Mat. Mech. 14 (3), 316–318.
Ezzat, M.A., Youssef, H.M., 2010. Three-dimensional thermal shock problem of
generalized thermoelastic half-space. Appl. Math. Model. 34, 3608–3622.
Fineberg, J., Marder, M., 1999. Instability in dynamic fracture. Phys. Rep. 313, 1–108.
Freund, L.B., 1990. Dynamic Fracture Mechanics. Cambridge University Press,
Cambridge.
Furukawa, H., 1993. Propagation and pattern of crack in two dimensional dynamic
lattice. Prog. Theor. Phys. 90, 949–959.
Gao, H., 1993. Surface roughening and branching instabilities in dynamic fracture. J.
Mech. Phys. Solids 41, 457–486.
Gerde, E., Marder, M., 2001. Friction and fracture. Nature 413, 283–288.
Gibiansky, E., Maz’ya, V., Movchan, A., 2005. Three-scale asymptotics for a diffusion
problem coupled with the wave equation. Appl. Anal. 84 (6), 585–600.
Heino, P., Kaski, K., 1996. Mesoscopic model of crack branching. Phys. Rev. B 54,
6150–6154.Hu, L.-W., Kazimi, M.S., 2006. LES benchmark study of high cycle temperature
ﬂuctuations caused by thermal striping in a mixing tee. Int. J. Heat Fluid Flow
27, 54–64.
Jones, I.S., 1999. The application of a displacement controlled weight function for a
single edge cracked plate to thermal fatigue damage assessment. Eng. Fract.
Mech. 62, 249–266.
Jones, I.S., 2005. Impulse response model of thermal striping for hollow cylindrical
geometries. Theor. Appl. Fract. Mech. 43, 77–88.
Jones, I.S., 2006. Thermal striping fatigue damage in multiple edge-cracked
geometries. Fat. Fract. Eng. Mater. Struct. 29, 123–134.
Jones, I.S., Lewis, M.W.J., 1994. A frequency response method for calculating stress
intensity factors due to thermal striping loads. Fat. Fract. Eng. Mater. Struct. 17
(6), 709–720.
Jones, I.S., Lewis, M.W.J., 1996. An impulse response model for the prediction of
thermal striping damage. Eng. Fract. Mech. 55 (5), 795–812.
Kasahara, N., Takasho, H., Yacumpai, A., 2002. Structural response function
approach for evaluation of thermal striping phenomena. Nucl. Eng. Des. 212,
281–292.
Kessler, D.A., 1999. Steady-state cracks in viscoelastic lattice models. Phys. Rev. E
59, 5154–5164.
Kimura, N., Miyakoshi, H., Kamide, H., 2007. Experimental investigation of transfer
characteristics of temperature ﬂuctuation from liquid sodium to wall in parallel
triple-jet. Int. J. Heat Mass Transfer 50, 2024–2036.
Kittel, C., 1953. Introduction to Solid State Physics. Wiley.
Kosteski, L., Barrios D’Ambra, R., Iturriot, I., 2012. Crack propagation in elastic solids
using the truss-like discrete element method. Int. J. Fract. 174, 139–161.
Kulakhmetova, S.A., Saraikin, V.A., Slepyan, L.I., 1984. Plane problem of a crack in a
lattice. Mech. Solids 19, 102–108.
Lee, H.-Y., Kim, J.-B., Yoo, B., 1999. Green’s function approach for crack propagation
problem subjected to high cycle thermal fatigue loading. Int. J. Pres. Ves. Piping
76, 487–494.
Lejeail, Y., Kasahara, N., 2005. Thermal fatigue evaluation of cylinders and plates
subjected to ﬂuid temperature ﬂuctuations. Int. J. Fat. 27, 768–772.
Mackin, T.J., Noe, S.C., Ball, K.J., et al., 2002. Thermal cracking in disc brakes. Eng.
Fail. Anal. 9, 63–76.
Marder, M., Gross, S., 1995. Origin of crack-tip instabilities. J. Mech. Phys. Solids 43
(1), 1–48.
Marder, M., Liu, X., 1993. Instability in lattice fracture. Phys. Rev. Lett. 71, 2417–
2420.
Movchan, A.B., Jones, I.S., 2006. Asymptotic and numerical study of a surface
breaking crack subject to a transient thermal loading. Acta Mech. Sin. 22, 22–27.
Needleman, A., Rosakis, A.J., 1999. The effect of bond strength and loading rate on
the conditions governing the attainment of intersonic crack growth along
interfaces. J. Mech. Phys. Solids 47, 2411–2449.
Nieves, M.J., Movchan, A.B., Jones, I.S., 2011. Asymptotic study of a thermoelastic
problem in a semi-inﬁnite body containing a surface-breaking crack and small
perforations. Quart. J. Mech. Appl. Math. 64 (3), 349–369.
Nieves, M.J., Movchan, A.B., Jones, I.S., 2012. Analytical model of thermal striping for
a micro-cracked solid. Int. J. Solids Struct. 49, 1189–1194.
Nieves, M.J., Movchan, A.B., Jones, I.S., Mishuris, G.S., 2013. Propagation of Slepyan’s
crack in a non-uniform elastic lattice. J. Mech. Phys. Solids 61, 1464–1488.
Ravi-Chandar, K., Knauss, W.G., 1984. An experimental investigation into dynamic
fracture. III: On steady-state crack propagation and crack branching. Int. J. Fract.
26, 141–154.
Rosakis, A.J., Samudrala, O., Singh, R.P., Shukla, A., 1998. Intersonic crack
propagation in bimaterial systems. J. Mech. Phys. Solids 46, 1789–1813.
Schlangen, E., Garboczi, E.J., 1997. Fracture simulations of concrete using lattice
models: computational aspects. Eng. Fract. Mech. 57, 319–332.
Slepyan, L.I., 1981. Crack propagation in high frequency lattice vibrations. Sov. Phys.
Dokl. 26, 900–902.
2736 G. Carta et al. / International Journal of Solids and Structures 50 (2013) 2725–2736Slepyan, L.I., 2001a. Feeding and dissipative waves in fracture and phase transition.
I. Some 1D structures and a square-cell lattice. J. Mech. Phys. Solids 49, 469–
511.
Slepyan, L.I., 2001b. Feeding and dissipative waves in fracture and phase transition.
II. Phase-transition waves. J. Mech. Phys. Solids 49, 513–550.
Slepyan, L.I., 2001c. Feeding and dissipative waves in fracture and phase transition.
III. Triangular-cell lattice. J. Mech. Phys. Solids 49, 2839–2875.
Slepyan, L.I., 2002. Models and Phenomena in Fracture Mechanics. Springer.
Wakamatsu, M., Nei, H., Hashiguchi, K., 1994. Attenuation of temperature
ﬂuctuations in thermal striping. J. Nucl. Sci. Tech. 32, 752–762.Wang, X., 1994. Thermal shock in a hollow cylinder caused by rapid arbitrary
heating. J. Sound Vib. 183, 899–906.
Wang, H., Singh, R.N., 1994. Thermal-shock behavior of ceramics and ceramic
composites. Int. Mat. Rev. 39, 228–244.
Wang, Y., Tian, W., Yang, Y., 2007. Thermal shock behavior of nanostructured and
conventional Al2O3/13 wt% TiO2 coatings fabricated by plasma spraying. Surf.
Coat. Technol. 201, 7746–7754.
Zhelezina, E., Jones, I.S., Movchan, A.B., 2006. Singular perturbation analysis of
dynamic ﬁelds in a thermoelastic solid with a small surface-breaking crack.
Acta Mech. Sin. 22, 449–454.
